We derive general expressions for the Kähler form of the L 2 -metric in terms of standard 2-forms on vortex moduli spaces. In the case of abelian vortices in gauged linear sigmamodels, this allows us to compute explicitly the Kähler class of the L 2 -metric. As an application we compute the total volume of the moduli space of abelian semi-local vortices. In the strong coupling limit, this then leads to conjectural formulae for the volume of the space of holomorphic maps from a compact Riemann surface to projective space. Finally we show that the localization results of Samols in the abelian Higgs model extend to more general models. These include linear non-abelian vortices and vortices in gauged toric sigma-models.
Introduction
Vortices are the natural solitons of gauged sigma-models at critical coupling. Within each topological sector they minimize the Yang-Mills-Higgs energy functional E(A, φ) = Σ 1 2 e 2 |F A | 2 + |d A φ| 2 + 2 e 2 |µ • φ| 2 .
To construct this functional and define the model we need two Kähler manifolds Σ and X, and a hamiltonian action of a Lie group G on X. The fields of the theory are then a connection A on a principal G-bundle P → Σ and a section φ of the associated bundle P × G X → Σ. This section φ can be locally regarded as a map Σ → X, so one can compose it with the moment map µ : X → Lie G and take the squared norm using an Ad-invariant inner product on the Lie algebra. The resulting function |µ • φ| 2 is then used as the potential at critical coupling in the energy (1) . The remaining two terms in the functional are the usual Maxwell term -the squared norm of the curvature of A -and a standard covariant derivative term. The well-known Bogomolny argument can be used to show that the energy (1) is minimized by the field configurations (A, φ) that satisfȳ
ΛF A + 2e 2 µ • φ = 0 F 0,2 A = 0 , which are usually called the vortex equations. Here the symbol ΛF A represents the inner product ω Σ , F A of the curvature with the Kähler form of Σ. In the special and important case when Σ is a Riemann surface, the last equation is trivially satisfied and the vortex equations reduce to∂
where * is the Hodge star operator on Σ. This general version of the vortex equations was first found in [25, 11] and extends to arbitrary hamiltonian targets X the previously known versions of the equations, which had been written mostly for linear targets acted upon by linear G-representations. For example the classical abelian Higgs model corresponds to the choices G = U(1) and X = C. These general vortex equations can be used to define the so-called Hamiltonian (or gauged) Gromov-Witten invariants of X [10] . From a physics perspective, the vortex solutions in two dimensions are the BPS configurations of a N = 2 supersymetric gauged sigma-model [4] .
When studying the vortex equations one of the main objects of interest is the moduli space M of solutions, i.e. the set of vortex solutions quotiented by the action of the group of G-gauge transformations. In general this is a complicated space that is very hard to describe, but it is also a space with many interesting features. One of the most interesting properties of M is that it possesses natural homology and cohomology classes, and so by taking cup products and intersections one can obtain natural intersection numbers associated to M, which is exactly how the Hamiltonian Gromov-Witten invariants are defined [10, 3] . Another important property of M is that is possesses a natural Kähler structure (see e.g. [25] ), with Riemannian metric defined by
and a compatible complex structure defined by
where {z α } and * Σ are, respectively, a set of complex coordinates and the Hodge operator on Σ. Observe that (4) in fact defines a metric in the space V of all vortex solutions (A, φ), but since the tangent space T [A,φ] M can be identified with the subspace of T (A,φ) V that is orthogonal to gauge transformations, i.e. orthogonal to the kernel of the natural projection T (A,φ) V → T [A,φ] M, the same expression (4) also determines a metric on M. Besides being geometrically very natural, this L 2 -metric on the moduli space is also physically important, essentially because the induced norm || (Ȧ,φ) || 2 M can be interpreted as the kinetic energy of a dynamical vortex solution that evolves slowly with time. This fact was firstly recognized by Manton for the case of monopoles on R 3 [20] , and constitutes the basis of an approximation method that has been widely used to describe the low-energy dynamics of various types on solitons [23] .
In the case of vortices, though, the problem of describing the metric g M has proved to be a difficult one, essentially because no non-trivial vortex solutions are known explicitly. This study is more developed in the simplest case of vortices with G = U(1) and X = C, i.e. in the abelian Higgs model, where some of the most remarkable results are Samols' formula for g M in terms of the local behaviour of |φ| 2 near its zeros [28] , the computation of the cohomology class [ω M ] of the vortex Kähler form [21, 26] , and an asymptotic formula for g M in the region of the moduli space where the vortices are well-separated [22] . In this article we basically extend the first two results beyond the abelian Higgs model, i.e. to vortices with different groups G and targets X. On the one hand we compute the Kähler class [ω M ] for models where G is a torus acting linearly on the target X = C n ;
on the other hand we show that Samols' localization happens whenever the complexified G C -action is free and transitive on an open dense subset of the target X. A more detailed description of the content of the article follows below. Other recent results on vortex metrics include [9] .
In section 2 we write down a formula for the Kähler form ω M of the L 2 -metric in terms of standard 2-forms on the moduli space, namely in terms of the curvature F A of the universal connection and the pull-back by the evaluation map of the equivariant Kähler form ω G X of the target X. When the target is a complex vector space this formula simplifies considerably, and we can express ω M solely in terms of the curvature F A . This simplified formula is obtained in section 3, and generalizes a formula derived by Perutz for the abelian Higgs model [26] . In section 4 we apply the cohomological version of this formula to the case of abelian linear sigma-models, i.e. to the case where G is a torus acting with weights Q a j on a vector space X = C n . Since in this abelian case there exists a rather explicit description of M [24, 31] , this allows us to deduce an equally explicit formula for [ω M ], a formula that generalizes the result of Manton and Nasir for the abelian Higgs model [21] . As an application, in section 5 we compute the total volume and the Einstein-Hilbert action of (M, g M ) in the case of abelian semi-local vortices, i.e. in the case where G = U(1) acts by scalar multiplication on X = C n . Taking the large coupling limit e 2 → ∞, this leads directly to conjectural formulae for the total volume and Einstein-Hilbert action of the space of holomorphic maps Σ → CP n−1 equipped with its natural L 2 -metric. This limit is explained in section 5.2. Finally, in the last two sections of the paper (which can be read independently) we explain how the localization phenomena described by Samols in the abelian Higgs model extend to the more general cases where the complexified group G C acts freely and transitively on an open dense subset X o ⊂ X of the target. This extension of Samols' localization is illustrated more concretely in two different examples: the case of linear non-abelian vortices with group G=U(N) acting on the space of complex square matrices X = M N ×N ; and the case of abelian vortices where a torus G = T k acts on a toric manifold of complex dimension k.
Note: A week before this article was completed, a paper that contains some overlap with the material of section 7.1 in the case Σ = C appeared on the arXiv [16] . This reference also addresses the question of finding the asymptotic form of g M for well-separated, linear non-abelian vortices, an interesting subject that is not discussed here.
The vortex Kähler form 2.1 Universal bundle and connection
This is essentially a preparatory section. We recall the well-known concept of universal bundle with its universal connection A, and state the definition of the natural 2-forms F A and ev * ω G X on the cartesian product M × Σ. Let V be the space of solutions of the vortex equations and let G be the group of gauge transformations. We assume that there exists an open subset V * ⊂ V of irreducible solutions where the gauge transformations act freely and the quotient V * /G =: M smooth is a finite-dimensional smooth manifold. The quotient M smooth can be regarded as the smooth part of the moduli space M, and in some special instances -e.g. the cases treated in sections 5 and 6 -it can actually be shown that M smooth = M. The right-action of G on the space of vortex solutions induces a linear map from the Lie algebra of G to the tangent spaces of V. These derivative maps correspond to infinitesimal gauge transformations and are explicitly given by
where {e a } is a basis of the Lie algebra g, theê a 's are the vector fields on X induced by e a and the left G-action, and ∇ A is the covariant derivative induced by A on the adjoint
The image of this map in T (A,φ) V corresponds to the tangent vectors parallel to gauge transformations, or in other words to the kernel of the natural projection
Now, besides acting on the vortex solutions, the group G of gauge transformations also acts on the total space of the principal bundle P → Σ, so one can define the smooth quotient
This finite-dimensional space has a natural free G-action induced by the G-action on P , and so can be regarded as a principal bundle
It is usually called the universal (or Poincaré) bundle. An important property of P is that its restriction to Σ coincides with P , or more precisely that for any chosen point [A, φ] ∈ M smooth there exists an isomorphism of G-bundles
The particular isomorphism depends of course on the initial choice of [A, φ] .
Another important property of P is that it comes equipped with a natural Gconnection A, sometimes called the universal connection. The curvature F A of the universal connection can be regarded locally as a 2-form on M smooth × Σ with values on the Lie algebra g. It is determined by the formulae [13, 4] 
where the v's are tangent vectors in T x Σ; theȦ +φ are tangent vectors at (A, φ) that are orthogonal to gauge transformations, and hence represent a vector in T [A,φ] M; and ψ is the section of the adjoint bundle P × Ad g → Σ defined by the formula
Finally, a third important property of P is that it also comes equipped with a natural G-equivariant map
called the evaluation map. (Here we are regarding φ as a G-equivariant map P → X, which is the same thing as a section of P × G X → Σ.) This evaluation map can be used to pull-back G-equivariant differential forms
where the last identification is just the usual Weil homomorphism defined by the connection A [6, 12, 4] . This pull-back by the evaluation map can in particular be applied to the G-equivariant Kähler form of X
to obtain a standard 2-form ev * ω G X on the cartesian product M smooth × Σ.
The vortex Kähler form
The aim of this short section is to write down an expression for the Kähler form ω M of the vortex metric in terms of the natural 2-forms F A and ev * ω G X described above. The latter 2-forms are very standard in gauge theory, and their cohomology classes are used to define the so-called Hamiltonian (or gauged) Gromov-Witten invariants. The existence of such a formula for ω M shows that the Kähler class [ω M ] can be expressed in terms of these standard cohomology classes of M, and hence that, at least in principle, quantities such as the total volume of the moduli space can be expressed in terms of Hamiltonian Gromov-Witten invariants.
Theorem 2.1. Over the smooth region M smooth ⊂ M of the vortex moduli space the Kähler form of the metric g M is given by the formula
where m is the complex dimension of Σ and ω G X and F A are as in section 2.1.
Remark. The integrand in the formula above is a 2(m+1)-form over the product M×Σ. Applying to it fibrewise integration over Σ yields a 2-form over M, as desired.
Proof. Using the definitions of ω G X and ev * of section 2.1 we have that
Using the second vortex equation and standard Kähler geometry the second term above can be written as
where k is an Ad-invariant product on g. But looking at the different components of the definition (10) of F A , we see that for the purpose of integration over Σ,
where {x µ } are coordinates on Σ and by definition (ψ
. This is because a form over M × Σ contributes to the integral only if it has degree 2m on the Σ-side. Bringing everything together we see that the form ω M defined by (15) can be written as
This means that, when contracted with tangent vectors (Ȧ +φ) orthogonal to gauge transformations, ω M satisfies
But the definition of the complex structure J M and standard manipulations in Hodge theory of Kähler manifolds (see for example [30] , page 150) also yield the formula
This finally implies that
and confirms that ω M is the Kähler form associated to the metric g M .
Simplication for linear targets
In this section we will see how formula (15) can be further simplified when the target X ≃ C n is a complex vector space and G acts through a unitary representation ρ : G → U(n). With these choices the fibre bundle P × G X becomes simply a rank n complex vector bundle V → Σ. Moreover, if we choose the standard Kähler form on C
the moment map µ : C n → g * is given by the formula
where dρ : 
Proof. We have only to recall that when X is a vector space acted by a linear representation, deformation invariance implies that two closed G-equivariant forms are cohomologous in H
• G (X) if and only if they coincide at the origin of the vector space (see for example [18] ). This shows that in
This is a great simplification, for then we have that
Imposing an additional condition on the representation ρ, it is a remarkable fact that formula (23) holds also for the differential forms themselves. This has already been recognized in the literature in several instances. Proposition 3.2. Assume that the derivative dρ : g → u(n) of the representation ρ is such that (i) the matrix i1 n×n belongs to the image dρ(g) ;
(ii) the inner products on the Lie algebras are preserved up to rescaling.
Then over the smooth part of the moduli space
Remark. This formula was first obtained by Perutz [26] in the case of G = U(1) acting by multiplication on X = C and m = 1. A similar formula was found by Biswas and Schumacher in [8] for G = U(n) and the moduli space of solutions of the coupled vortex equations. Our proof is an extension of Perutz's.
Proof. Using theorem 2.1 and the formulae for ω C n and µ C n , we only need to show that if (i) and (ii) are satisfied, then
The first step is an algebraic manipulation to prove that
as functions on M × Σ with imaginary values. Here C φ is the matter part of the operator defined in (6) associated with infinitesimal gauge transformations, C † φ is the adjoint operator and λ is some positive real number. The general expression for the composition
is written down in [4] and, in the case of complex vector spaces, reduces to
From this one computes that
where {·, ·} is the anti-commutator and
Now observe that assumption (ii) implies that, for all e a ,
for some positive real λ. This means that B − iλ1 n×n belongs to the subspace of u(n) orthogonal to dρ(g). But B belongs to dρ(g) and, by assumption (i), so does i1 n×n , hence the vector B − i1 n×n necessarily vanishes in u(n). This shows that B is proportional to the identity matrix, and hence (30) leads to the equality (28) . The second step in the proof is to consider the gauge part C A of the infinitesimal gauge transformations (6) . Using the formulae given in [4] , we have that
where d * d is the Hodge laplacian acting on functions on Σ. Given that this term has a vanishing integral over Σ, we conclude that
for all sections ϕ in Ω 0 (Σ; P × Ad g). Using then the definition of the pull-back ev * and the Weil homomorphism in (13) , and using also formula (10) for the curvature F A , it is clear that as a 2-form on M acting on a tangent vector (
where ψ is the section of the adjoint bundle P × Ad g → Σ defined in (11) . But in the case of the linear target X = C n this definition simplifies, and we get
Finally, bringing together (34) and (27) , we conclude that formula (26) in the statement of the proposition is true.
The vortex Kähler class in abelian linear models
The formulae for the Kähler form ω M that we have obtained so far all depend on the curvature F A of the universal connection, and so are not particularly explicit. But while this lack of explicitness is unfortunate, it is as far as one can expect to go at such a general level, because in most cases we know very little about the vortex moduli space M, sometimes not even knowing whether it is a non-empty set. There are, however, a few notable exceptions to this generic ignorance. The main example is the vortex moduli space in abelian gauged linear sigma-models, i.e. when we pick the target X to be a complex vector space acted by a torus through a linear representation. This example is important in physics [32, 24] and a rather concrete description of M is known [24, 31] . In this section we will use that description to give an equally concrete formula for the cohomology class [ω M ] of the Kähler form for abelian linear models.
To fix notation, we now take Σ to be a compact Riemann surface and the target X to be C n acted be a linear representation ρ of the k-torus with integral weights, or charges, Q a j , where the indices run as 1 ≤ j ≤ n and 1 ≤ a ≤ k. We take P → Σ to be a T k -principal bundle of integral degree deg P ∈ Z k and define L j = P × ρ j C to be the line-bundle over Σ associated with the restriction of the representation to the j-th copy of
With these conventions φ is a section of the vector bundle ⊕ n j=1 L j over Σ, and the vortex equations read∂
where the τ a 's are fixed real constants. The moduli space of solutions to these equations depends on the values of the constants deg P , Q a j and τ a , and as these values change it can range from anything as interesting as the empty set to a complicated singular toric variety. In favourable cases, however, the moduli space M can also be a smooth complex manifold, and this is the case we will treat in this section. The conditions on the constants Q a j and τ a that ensure the smoothness of M are similar to the conditions that ensure the smoothness of the symplectic quotient µ −1 (0)/T k . They can be stated as follows (see [31] and the appendix).
Assumption (i) 4.1. The two vectors τ and τ − 2π(deg P )/(e 2 Vol Σ) in the Lie algebra t * ≃ R k can be written as a linear combinations j∈I c j Q j with positive coefficients for some index set I ⊂ {1, . . . , n} and, furthermore, for all such I's the set of weight vectors
To this requirement we also add: The second assumption is here to guarantee that M, besides being smooth, has the following simple description. 
(a) the torus T k acts on C d+k with the same weight Q a j on the coordinates w j,1 , . . . , w j,1−g+d j , for all j = 1, . . . , n;
Remark. As is well-known, the jacobian manifold of a Riemann surface of genus g is isomorphic to T 2g . In the special case where Σ is the 2-sphere the jacobian is a point, and therefore the moduli space M coincides with the toric manifold
Remark. The description of M contained in theorem 4.3 is valid in more general circumstances. For example if the weights Q a j are such that the quotient
is an orbifold, then although M will not be smooth, it will still be a fibration over
We will not describe here how theorem 4.3 can be proved. A sketch of the proof is given in the appendix and the original arguments can be found in references [24, 31] . One important point for us, though, is that the fibre bundle M described in the theorem is constructed as the quotient of a certain vector bundle V → × k J Σ by a (C * ) k -action on the fibre. In fact, the bundle V splits as the direct sum
If we then let (C * ) k act on the fibres of each V j by multiplication with weight Q j , we get a global action on the sum V that on each fibre looks like the action (a) of theorem 4.3. The moduli space M is then the quotient of the stable set by this (C * ) k -action, or equivalently, the quotient of ν −1 (0) by the real
This construction is relevant for our purposes because it allows us to define a set of natural cohomology classes η a on the moduli space. In fact, observing that ν
is a principal T k -bundle, we can define η a to be the first Chern class of the associated
(Here the notation means that T k acts on C by simple multiplication of the a-th U(1)-factor inside T k .) Thus, for the record,
These cohomology classes are standard in toric geometry and are known to generate the cohomology ring of the toric quotient F d j ,τ . Thus, in the case of genus zero, the η a 's generate the whole cohomology of M. For higher genus they generate the cohomology of the toric fibres of M → × k J Σ . In the higher genus case there is another set of natural cohomology classes on M. These are the pull-backs of the cohomology classes of the jacobians J Σ ≃ T 2g by the projection M → × k J Σ . If for each jacobian inside the product × k J Σ we call θ a the Poincaré-dual of the theta divisor, then after pulling-back to M we get the natural set of classes θ a ∈ H 2 (M; Z). Using both these sets of cohomology classes we can now state the main result of this section.
Theorem 4.4. For the vortex moduli space M described in theorem 4.3, the cohomology class of the vortex Kähler form is
inside H 2 (M; R).
Remark. This result extends to more general abelian gauged linear sigma-models the formula found in [21, 26] for the classical abelian Higgs model. Our formula is formally very similar to the latter, the main difference being that for non-trivial charges Q a j the interpretation of the classes η a is more evolved. Note also that in [21] the Kähler form ω M is normalized so that the global 2π factor disappears.
Proof. To prove this result we use proposition 3.1 and examine carefully the class [F a A ] defined by the curvature of the connection A on the universal bundle P → M × Σ. The first thing to observe is that the group G of gauge transformations acts freely on the full set of vortex solutions. This is so because only constant gauge transformations preserve the connection A, and, due to the holomorphy condition∂ A φ = 0 and assumption (i), the T k -stabilizer of φ(z) is trivial for a generic point z ∈ Σ. This observation actually belongs to the proof of theorem 4.3, so we need not justify it here further; in any case, it shows that both M = V/G and P = (V × P )/G are globally smooth. Now, as described in section 2.1, the construction of the universal bundle P implies that its restriction to [A, φ] × Σ is isomorphic to P → Σ, and so
On the other hand, if we pick any point p ∈ Σ and define the subgroup of gauge transformations
it is clear that G splits as G p × T k and that
where in the last step we have used that the T k -action on the fibre P p is free and transitive.
So we conclude that the restriction of P to M × {p} is isomorphic to the T k -bundle
Consider now the space of holomorphic sections
and the open subset B * ⊂ B where the group G C of complex gauge transformations acts freely. As sketched in the appendix, the proof of theorem 4.3 defines the total space of the vector bundle V → × k J Σ as the quotient of B by the subgroup 
The conclusion is then that
Having computed the restriction of the curvature class [F A ] to both [A, φ] × Σ and M × {p}, the only remaining task is to describe the components of [F A ] that have one leg in Σ and one leg in M. For this we consider the standard set {α l , α l+g : l = 1, . . . , g} of generators of H 1 (Σ, Z) and write 
and is almost the formula stated in the theorem. The only task left is to identify the class j γ a j ∧ γ a j+g with the class θ a in H 2 (M; Z). This can be done through the following indirect observation. Looking at the formulae for the action of the curvature form F A on tangent vectors, one sees that the second line in (10) depends only on v ∈ T Σ and onȦ, not onφ. This means that the leg of (F A ) mixed resting on M actually rests only on the base of the fibration M → × k J Σ , because it is the base that parametrizes the different complex structures on the L j 's (which, recall, determine and are determined by the different connections A). In other words, since the mixed part of F A does not depend onφ, it is the same as in the vortex equations with target X = point, and this is just the pure gauge theory with moduli space M pure gauge = × k J Σ . This means that the γ a 's in formula (43) are actually classes in × k J Σ pulled back to M and that, as classes in × k J Σ , they do not really depend on the matter part of the gauged linear model we are working on. Comparing with the simpler abelian Higgs model of [21, 26, 7] , we conclude that the class l γ a l ∧ γ a l+g , as a class in the a-th jacobian J Σ ≃ T 2g , is just the standard integral symplectic form on this torus, or in other words it is the Poincaré-dual θ a of the theta-divisor in J Σ . This concludes the proof.
5 Application: volume of simple moduli spaces
Volume of spaces of abelian semi-local vortices
On any given compact Kähler manifold there are several interesting metric quantities that can be computed with a very limited knowledge of the local details of the metric. Two important examples are the overall volume of the manifold and the global integral of the scalar curvature, which depend solely on the Kähler class of metric and on the cohomology ring of manifold. Here we are interested in exploiting these facts in the case of vortex moduli spaces and metrics. Observe in particular that for the abelian models studied in the last section our odds look quite promising, for we already have a topological description of the moduli space (theorem 4.3) and of the Kähler class of the metric (theorem 4.4). It turns out, however, that for the general toric fibrations F d j ,τ → M → × k J Σ of section 4, the intersection combinatorics on M can be complicated, and so the volume computation is not straightforward. A nice and easy exception, nevertheless, occurs when we consider the simple case of the vortex moduli space for group G = U(1) acting by scalar multiplication on the target X = C n . In this case all the toric manifolds F d j ,τ become projective spaces, which have a simple cohomology ring, and so we can easily carry out the computations to the end. The volume computations presented here extend several results that can be found in the literature. These include the case n = 1 and arbitrary Σ calculated in [21] , and the case of arbitrary n ≥ 1 and special Σ = T 2 calculated in [15] through a heuristic brane construction. A third method to compute the volume of M in the case Σ = CP 1 and n = 1 was described in [27] . The scalar curvature integrals presented here, on the other hand, had not been considered before.
As described above, in this section we will take Σ to be a compact Riemann surface and consider the special case of vortices with group U(1) acting by scalar multiplication on the target C n . These are sometimes called abelian semi-local vortices. In the notation of section 4, they correspond to the choice k = 1 and charges Q 
The total Chern class of this vector bundle has the very simple form c(V ) = e −nθ , where θ has the same meaning as in section 4, i.e. it is the degree 2 cohomology class on J Σ that is Poincaré-dual to the theta divisor [7] . Also, with these choices, the formula in theorem 4.4 for the cohomology class of the vortex Kähler form specializes to
Observe that this description of the moduli space is valid only if the constant τ e 2 Vol Σ is bigger than 2πd (assumption (i) of section 4). If it is smaller, it is well-known that M is actually the empty set, as can be easily recognized by integrating over Σ the second vortex equation. Now, to make further computations with this expression for [ω M ], it is important to understand clearly the meaning of the class η ∈ H 2 (M, Z). Firstly, define V * := V \ {zero section} and consider it as a principal C * -bundle over the jacobian. A careful inspection of the definition of η in section 4 and of the proof of theorem 4.4, shows that η is the first Chern class of the associated bundle V * × C * C. But this bundle is defined by the simple equivalence relation (v, w) ∼ (λv, λw) in the product V * × C, and it is a standard fact that this relation defines nothing more than the dual of the tautological line-bundle L → P(V ) over the projectivization. Thus, going back to definition (38), we conclude that L ≃ L * and that the class η is just the first Chern class of the antitautological bundle L * → P(V ).
As a last preparatory point we also need to write down the first Chern class of the moduli space M. This will be necessary for the evaluation of the scalar curvature integral. General results for projective bundles P(V ) → J say that the total Chern classes satisfy
Using the fact that in our case the base of the fibration is the jacobian -a group manifold with trivial tangent bundle -this formula then implies that
Having registred these general formulae, we can now turn our attention to the integrals that directly concern us, namely
for the volume, and
for the total scalar curvature. Here r = g + n(d + 1 − g) − 1 is the complex dimension of the moduli space and, in both expressions, the last equalities are well-known facts of Kähler geometry. Now, calling π the natural projection on the fibre bundle M → J Σ , standard integration over the fibre yields the first equality of
The last equality, on its turn, is a consequence of the following two facts. Firstly, using our previous interpretation of the class η, a simple manipulation explained in [7] says that
Secondly, the identification of θ = l γ l ∧ γ l+g with the standard symplectic form on the jacobian torus (explained at the end of section 4) leads straightforwardly to
And this is all we need to know. Combining (50) with expressions (46) and (47) and total scalar curvature (or Einstein-Hilbert action)
where the integer r is defined by r = g + n(d + 1 − g) − 1. If the degree d is bigger than τ e 2 (Vol Σ)/(2π), then M is the empty set.
Remark. To compare our volume result with the ones obtained in [21] and [15] , we first observe that in both these references the natural vortex metric (4) is defined with a prefactor of 1/π, chosen to make the global factor π r disappear in the end result. Then with the choices τ = 1 and e 2 = 1/2, our formula (52) reduces exactly to the result presented in [21] for n = 1. Moreover, in the genus one case, (52) also reduces to the formula of [15] , showing that for Σ = T 2 the heuristic brane methods remarkably predict the correct result.
Remark. Having computed both the total volume and the total scalar curvature of the vortex metrics g M , it is possible to obtain the explicit values of the Yamabe functional
r/(r−1) for these metrics. For example in the simplest case of genus zero the moduli space is M = CP r and we have I(g M ) = 2πr(r + 1) / (r!) 1/r , which no longer depends on the volume of Σ and on the constants τ and e 2 .
Volume of spaces of holomorphic curves
The vortex moduli spaces that we have been considering in this section are very closely related to the spaces of holomorphic maps from the Riemann surface to projective spaces. In fact, as explained for example in [7] , for each degree d ≥ 2g the moduli space M Σ,d of vortices with group U(1) and target C n is a smooth compactification of the space H Σ,d
of holomorphic maps Σ → CP n−1 of the same degree. Moreover, each vortex solution (A, φ) such that φ(z) never vanishes as a section of ⊕ n L → Σ defines in a natural way a holomorphic mapφ : Σ → CP n−1 by the formulā
where the components φ j are written using any local holomorphic trivialization of L (holomorphic with respect to the complex structure on L induced by A), and using homogeneous coordinates on the projective space. Observe that the map (54) (see [7] for more details).
Once we have these identifications in mind, it is obvious to ask whether the natural L 2 -metric on the vortex moduli spaces bears any relation to the natural L 2 -metric on the spaces of holomorphic maps. Looking at the definition (4) of the vortex metric, it is clear that the hope lies in the limit e 2 → ∞, for in this case the terms that depend onȦ drop out and leave the bilinear form on the space of tangent vectors determined by
Now, although this quadratic form clearly does not define a metric on the space of all tangent vectors (Ȧ,φ), it is easy to check that if the (Ȧ,φ)'s satisfy the linearized version of∂ A φ = 0 and are tangent at a point (A, φ) where φ(z) never vanishes, then (55) is actually positive definite. This means that (55) does define a metric on the space of vortex solutions above M o , and since this metric is invariant by real gauge transformations, also a metric on M o itself. This metric corresponds to keeping just the second term on the right-hand side of (4), and as the constant e 2 becomes larger it differs less and less from the vortex metric. And what is the limit of both these metrics when e 2 goes to infinity? To start answering this question, observe that although the vortex solutions change as e 2 increases, they only change by a complex gauge transformation. This is so because the usual HitchinKobayashi correspondence tells us that any vortex solution, independently of the value of e 2 , is complex gauge equivalent to a solution of∂ A φ = 0. In particular this implies that the induced holomorphic mapφ : Σ → CP n−1 of formula (54) does not depend on e 2 .
Consider now the formal limit of the vortex equations (36)as e 2 → ∞. It reads
and corresponds to holomorphic sections φ whose image is entirely contained in the subset µ −1 (0) ⊂ C n . Such a section also descends to a mapφ, and it is shown in [11] that for n > 1 this correspondence establishes a bijection M o ∞ ≃ H between the space of equivalence classes of solutions of (56) It is straightforward to check that for the moment map specified in (56) this quotient metric is just
where ω norm. FS denotes the normalized Fubini-Study form on the projective space (the generator of the integer cohomology). This conjecture can perhaps be made rigorous through a careful study of the analytic results in [17] that describe how the vortex solutions approach the solutions of (56) in the adiabatic limit e 2 → ∞. Similar results may also be true for vortex equations with other targets and gauge groups. Pressing forward with this hypothesis, one can then use theorem 5.1 and the informal manipulation
to obtain conjectural formulae for the integrals over the non-compact spaces H.
Conjecture 5.3. For n > 1 and d ≥ 2g, the total volume and the total scalar curvature of the natural L 2 -metric on the space H of degree d holomorphic maps Σ → (CP n−1 , ω CP n−1 ) are given by
Remark. As far as the author is aware, the only instance where these integrals have been computed so far is the direct volume integration in [2] for the very special case of degree one CP 1 -lumps on the sphere. This corresponds to the choices g = 0, d = 1 and n = 2 in the formulae above. Taking into account that in [2] the Fubiny-Study metrics on both CP 1 's were chosen with volume π -and hence for the target space this corresponds to the choice τ = 1 -we see that (59) reduces exactly to the value π 6 /6 obtained there. 
Samols' localization for vortex metrics
The definition (4) of the vortex Kähler metric involves an integration over the manifold Σ, hence its common designation as the L 2 -metric. In very special cases, however, it turns out that this integral can be localized, and appears as a sum of contributions from complex codimension-1 submanifolds of Σ. This phenomenon was first studied in detail by Samols in the case of the classical abelian Higgs model over a Riemann surface [28] , where the group U(1) acts on the target C and the submanifolds of Σ are just points. It is not, however, a peculiarity of that single example. In fact, as we will see, one should expect something similar to happen roughly whenever the Kähler quotient X//G is a point, or in other words, whenever the complexified G C -action is free and transitive on an open dense subset X o ⊂ X. Here the two main examples that we will keep in mind are the vortex equations with group G = U(N) acting on the space of N × N square matrices, studied for example in [7, 1, 19, 14, 5] , and the abelian equations with G a torus and X a toric manifold [3] .
This section can be read independently of the previous four, and the notation will be as follows. The local complex coordinates on the base Σ and on the target X are, respectively, {z α } and {w j }. With respect to these the Kähler forms are written as
The group G has Lie algebra g with a basis {e a }, and for each vector v ∈ g the corresponding vector field on X induced by the left action is calledv. Observe then that over the open subset set X o ⊂ X where G C acts freely and transitively, the complex span of the vectorsê a is the full tangent space.
The definition (4) of the vortex L 2 -metric g M says that for a tangent vector (Ȧ,φ)
orthogonal to gauge transformations (also called a horizontal tangent vector) the L 2 -norm is given by
The localization of this integral follows from the fact that the energy density E(Ȧ,φ) vol Σ is actually an exact differential form on the inverse image φ
is an open dense subset of Σ. Then for any horizontal tangent vector at (A, φ) to the space of vortex solutions, we have that
over Σ o , where the complex λ a 's are defined byφ = λ aê a in T X. In particular the density E(Ȧ,φ) vol Σ is an exact differential form over Σ o .
Proof. In local coordinates the first vortex equation in (2) can be written as
where the quantities defined on the target X are implicitly being evaluated at the point φ(z). Its linearization therefore reads
Substituting into this expression the definitionφ j = λ 
which over Σ o implies thatȦ
The linearization of the second vortex equation, on its turn, can be combined with the horizontallity condition into the single complex equation [4] 2 h
(Recall that the horizontallity condition, which is the real part of (67), is called in physics Gauss' law, and just demands orthogonality between (Ȧ,φ) and all vectors tangent to real gauge transformations.) Using (66) and (67) it is then straightforward to check that
and (62) 
standard manipulations in Kähler geometry show that
where we have used that ω Σ is harmonic, and hence d * -closed. This confirms the second assertion of the proposition.
Making use of Stokes' theorem, it is clear that the result of this proposition leads directly to the localization of the energy integral (61). To make the discussion simpler, we assume for the rest of this section that Σ is a Riemann surface. Then the condition of proposition 6.1 means that Σ o should be equal to Σ minus a finite set of points z 1 , . . . , z r .
Let now D R s be a small disk of radius R around the point z s , and let ∂D R s be the circular boundary of the disk with the conventional boundary orientation. Then Stokes' theorem leads to the following result. 
This result implies in particular that the right-hand side of (71) is a real number, a fact that a priori is not obvious. It is also not difficult to argue that each of the loop integrals in (71) is finite, not just their sum. This follows for example from the observation that, for any R 1 > R,
and the right-hand side is finite.
Examples of localization 7.1 Linear non-abelian vortices
In this section we will apply the localization results obtained above to particular examples of vortex equations. We will always assume that Σ has complex dimension one, i.e. that it is a Riemann surface. Our first example is the equations with group G = U(N) acting by left multiplication on the target space X = M N ×N of complex square matrices. Note that in this case X o ⊂ X is the submanifold of matrices with non-vanishing determinant.
Also, with the usual identifications on linear spaces, the vector field induced by v ∈ g and the left action at a point M ∈ M N ×N can be written aŝ
The Kähler form on the target is chosen to be
so that with the natural choice of Ad-invariant inner product on the Lie algebra
the moment map becomes simply
with τ a real constant. This particular example of vortex equations has been thoroughly studied, and it is well-known that if (A, φ) is a solution with det φ not identically zero, then necessarily det φ vanishes only at a finite number of points z 1 , . . . , z r ∈ Σ [5, 14] . This means that the first condition of proposition 6.1 is satisfied, so that localization is applicable. Now let (Ȧ,φ) be a horizontal tangent vector at (A, φ). It follows from the definition of λ a in proposition 6.1 that the vectors λ = λ a e a in the complexified Lie algebra are given by λ(z) =φ φ Proposition 7.1. For any choice of complex coordinates {u j } on the vortex moduli space, the Kähler form of the L 2 -metric is locally given by
where f is the gauge invariant matrix function φ † φ on the product Σ × M, and the ∂D R s 's are small circles of radius R around the points z s ∈ Σ where det φ vanishes.
Remark. Although the function f −1 is singular at the points z j , the very way in which the formulae were obtained shows that the integrand of (83) is a smooth function all over Σ. It is not, however, the exterior derivative of something everywhere smooth, hence the localization to the circle integrals around the points z j . Note also that in (84) we are not assuming that det φ vanishes at z j with multiplicity 1 -the formula is valid for any multiplicity.
To take the calculation farther we would like to perform the contour integrals along the small circles ∂D at the zeros z = z s . For simplicity we assume at this point that we are calculating in the region M separated of the moduli space where the vortices do not coincide, which is an open dense subset of M. In this case det φ vanishes at z = z s with multiplicity one and the kernel ker φ(z s ) ⊂ C N has dimension one. In fact, it can be shown that the moduli space of d separated vortices is parameterized precisely by the different possible choices of distinct points z s ∈ Σ where det φ vanishes and the choices of corresponding kernels
This identification is a special case of a result proved in [5] for compact Σ and is generally assumed (on strong grounds) to be true also for Σ = C [14] . As a first step in the residue calculation we will deal initially with the N = 1 abelian case, thereby reproducing Samols' original result. The generalization to arbitray N will follow.
N = 1 abelian case (Samols' result)
For non-coincident vortices it can be shown that around the zero z s each vortex solution can be uniquely factorized as
where the function a is smooth and does not vanish at z = z s . Alternatively, in terms of gauge invariant quantities,
Substituting this expression in the contour integrals of (84) it is then easy to compute the residue
Taking as coordinates on the moduli space M separated the positions of the vortices, i.e. u r = z r , the expression for the Kähler form becomes simply
and this is Samols' result for the metric in terms of the local behaviour of |φ| 2 around its zeros.
Remark. As described above, the argument of the logarithm in (89) is the smooth and positive function |a| 2 , so there is no singularity here. The precise expression of the metric given by Samols in [28] can be recovered by expanding log |a| 2 as a Taylor series around z r and expressing (89) in terms of the Taylor coefficients.
N > 1 non-abelian case
Our aim here is to explain how Proposition 7.1 can be used to write down an expression for the vortex Kähler metric in terms of complex coordinates on M separated . Using the identification (85), we will take as coordinates on the moduli space the location z s of the zeros of det φ and a standard set of coordinates on CP N −1 . For this we will assume that we are on a region of the moduli space where the lines L s = ker φ(z s ) ⊂ C N can be written as the span of a vector of the form (w any real loss of generality, because such a configuration can always be reached through a transformation of the type φ(z) → φ(z)U, with U ∈ U(N), which is both a symmetry of the vortex equations and an isometry of the moduli space.
The first step in the calculation is to note that on M separated each vortex solution can be uniquely factorized around the zero z s as
where the matrix function A is smooth and invertible at z = z s and H is defined as
with all the blank entries equal to zero. This factorization has been widely used since [14] , and the results of [5] justify it at least for compact Σ. Observe that by construction the matrix H satisfies det H = z − z s , at the point z = z s has kernel L s , and depends holomorphically on z, z s and L s . These are the essential properties of H, and we could have chosen a different representative in (91) with these same properties. A different choice of representative, however, would entail a different factorization (90) and a less simple form of the end result (94). In terms of gauge invariant quantities, the factorization above becomes
It is then easy to compute that the argument of (84) becomes
+ terms without poles .
Choosing the coordinates u k on the moduli space to be the z s 's and the w 
where the matrix function F = A † A = (H −1 ) † φ † φH −1 is gauge invariant, smooth and invertible around z = z r = u N r . This generalizes Samols' result to these particularly well studied non-abelian vortices.
Toric sigma-models
Our second example generalizes Samols' localization results in a different direction. We consider here the vortex equations with a torus group G = T k and a toric target X.
In this case dim R G = dim C X and the complexified group G C = (C * ) k acts freely and
transitively on an open dense subset of the target, so proposition 6.1 is applicable. The main example that we have in mind is the case X = CP k , for which the vortex moduli space was described in [3] . Just as in the classical abelian Higgs model with X = C, the moduli space is also parametrized by the different possible locations of special points z s in Σ, except that for X = CP k there are k + 1 distinct types of points, with each type being mapped by φ to a different submanifold CP k−1 inside CP k . (In the classical abelian Higgs model, recall, there is only one type of special points in Σ -the points that φ maps to the origin in C.) So for instance in the simplest case X = CP 1 , the moduli space is parametrized by the location in Σ of two distinct types of points -the points z 
where the last equality is the complex Gauss' law (67) and we have written (h X ) bc for the invertible hermitian matrix h X (ê b ,ê c ). Substituting the curvature for the moment map as prescribed by the second vortex equation, we then get
where {uthe moduli space of stable solutions of the single equation∂ A φ = 0 modulo complex gauge transformations. (See [25] for the general theory of these correspondences and [3] for the toric case.) But this remaining equation∂ A φ = 0 just states that φ should be a holomorphic section of ⊕ j L j , where the holomorphic structure on this vector bundle is induced by the holomorphic structure on P → Σ determined by the connection A. Therefore, up to complex gauge equivalence, giving a pair (A, φ) that solves this equation is the same as giving a holomorphic structure on P and a holomorphic section of ⊕ j L j . The point now is that the inequivalent holomorphic structures on a k-torus bundle over Σ are parameterized by the k-fold product of the jacobian J Σ . Furthermore, after fixing one such holomorphic structure on P , i.e. after fixing a point in × k J Σ , the space of holomorphic sections of each L j → Σ is canonically defined and, by Riemann-Roch, has complex dimension 1 − g + d j . Letting this point in × k J Σ vary we get a collection of vector spaces -one vector space for each different point -and this determines a complex vector bundle V j → × k J Σ of rank 1 − g + d j , as well as the direct sum bundle V = ⊕ j V j . Each point of the total space of V then corresponds to a holomorphic structure on P and a holomorphic section of ⊕ j L j , or in other words to a solution (A, φ) of the equation∂ A φ = 0. These solutions, however, are not all complex gauge inequivalent, because a constant gauge transformation acting on (A, φ) leaves A invariant but shifts the holomorphic section φ, and so identifies different points on the fibres of V . Finally, quotienting by these residual constant gauge transformations corresponds to quotienting the fibres of V by the (complex) torus action (a) described in theorem 4.3. The resulting quotient in each fibre is therefore isomorphic to the toric manifold F d j ,τ , and the moduli space M becomes the fibre bundle of the theorem.
